Logarithmic differential operators and 
logarithmic de Rham complexes 
relative to a free divisor * 

Francisco J. Calderon-Moreno 

Fac. Matematicas, Univ. de Sevilla, Ap 1160, 41080 Sevilla, Esparia 
E-mail: calderon@atlas.us.es 

Introduction 

In the present work we prove a structure theorem for operators of the 0-th 
term of the V^-filtration relative to a free divisor Y of a complex analytic variety 
X. As an application, we give a formula for the logarithmic de Rham complex 
in terms of Vq -modules, which generalizes the classical formula for the usual de 
Rham complex in terms of "D^-modules, and the formula of Esnault-Viehweg in 
the case that Y is a normal crossing divisor. Using this, we give a sufficient 
condition for perversity of the logarithmic de Rham complex. Now we comment 
on the contents of each part of the paper: 

In the first section, we recall the concepts of logarithmic derivation and loga- 



rithmic form, as well as free divisor, all of them due to Kyogi Saito ||14|| , and the 
definition of the ring Vq(T>x) of logarithmic differential operators along Y. 

In the second part, we study the logarithmic operators in the case that Y is 
free. We give a structure theorem in which we prove that the ring of logarith- 
mic differential operators is the polynomial algebra generated by the logarith- 
mic derivations over the sheaf Ox of holomorphic functions. As a consequence, 
Vq (T>x) is a coherent sheaf. Thanks to this theorem, we can prove the equiva- 
lence between Vq (Px)- m odules and (9jf-modules with logarithmic connections. 
Therefore, an V^(r>x)- m odule (or logarithmic £>x- m odule) Ai defines a logarith- 
mic de Rham complex Q x (YogY)(Ai). 

In the third part, we prove that the logarithmic de Rham complex is canon- 
ically isomorphic to the complex RTCom V Y(p x ^(Ox, M)- To show this, we first 
construct a resolution of Ox as (X>x)- m odule, which we call the logarithmic 
Spencer complex and denote by Sp* {Yog Y). 
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Finally, we give a sufficient condition for perversity of the logarithmic de Rham 
complex, which is a perverse sheaf if the symbols of a minimal generating set of 
logarithmic derivations form a regular sequence in the graded ring associated to 
the filtration by the order on T> x . This condition always holds in dimension 2. 

Some results of this paper have been announced in Q. We give here the 
complete proofs of all of the results announced in that note and other new results. 

Acknowledgements: I am grateful to David Mond for his interest and encour- 
agement. I wish to thank my advisor Luis Narvaez for introducing me to the 
subject of this work and for giving me suggestions for the proofs of some of the 
results. 



1 Notations and Preliminaries 



Let X be a complex analytic variety of dimension n, and Y a hypersurface of 
X defined by the ideal X. We will denote by T>x the sheaf of linear differential 
operators over X, Vei^iOx) the sheaf of derivations of Ox, and Z>x[*^] the 
sheaf of meromorphic differential operators with poles along Y. Given a point 
x of Y, we will denote by / = (/), O, Der<c((9) and V the respective stalks at 
x. We will denote by F* the filtration of T>x by the order of the operators and 
fi^ct*^] the meromorphic de Rham complex with poles along Y . 



1.1 Logarithmic forms and logarithmic derivations. 
Free divisors 



We are going to recall some notions of 14 that we will use repeatedly 



A section 5 of Vei£(Ox), defined over an open set U of X, is called a logarith- 
mic derivation (or vector field) if for each point x in Y D U, S X (I X ) is contained 
in the ideal T x (if I = X x = (/), it is sufficient that S x (f) belongs to (f)0). 
The sheaf of logarithmic derivations is denoted by Per(logF), and is a coherent 
Ox-submodule of Ver£(Ox) and a Lie subalgebra. We denote by Der(log /), or 
Der(log J), the stalks at x of Per(logF): 



Der(log f) = {6e Der c (G) / 6(f) G (/)}. 

We say that a meromorphic g-form u with poles along Y, defined in an open 
set U, is a logarithmic g-form along Y or, simply, a logarithmic q-form, if for 
every point x in U, fu and df A u are holomorphic at x. The sheaf of logarithmic 
g-forms along Y in U is denoted by f2^(log Y)(U). This definition gives rise to 
a coherent C^-module Q q x (\og Y), whose stalks are: 

W(\og f) = n q x (log Y) x = {ue n q x [*Y] x I fu G df A u e 
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The logarithmic g-forms along Y define a subcomplex of the meromorphic 
de Rham complex along Y, that we call the logarithmic de Rham complex and 
denote by Q, x (\og Y). 

Contraction of forms by vector fields defines a perfect duality between the 
Ox-modules fl x (\og ^0 an d ^er(logy), that we denote by ( , ). Thus, both 
of them are reflexive. In particular, when n = dim^X = 2, Q x (log Y) and 
Ver(logY) are locally free Ox-modules of rank 2. 

We say that Y is free at x, or I is a free ideal of O, if Der(log I) is free as 
C-module (of rank n). If / G O, we say that / is free if the ideal / = (/) is free. 
We say that Y is free if it is at every point x. In this case, "Der(logF) is a locally 
free Ox-module of rank n. We can use the following criterion to determine when 
an hypersurface Y is free at x: 

Saito's Criterion: The (9-module Der(log /) is free if and only if there exist 
n elements 8 l7 5 2 , • - • , S n in Der(log /), with 8 { = YJf=i a ij( z )-£- {i = 1> • • • , n )> 
where z — (zi, z 2 , ■ ■ ■ , z n ) is a system of coordinates of X centered in x, such that 
the determinant det(ajj) is equal to af, with a G O a unit. Moreover, in this 
case, {5\, 62, • • ■ , S n } is a basis of Der(log /). 

p 

When Y is free, we have the equality: fi^(logF) =A {l x (logY). Using 
the fact that f2^(logF) = Hom 0x {Vei(logY) , Ox), we can construct a natural 
isomorphism: 

n^(logy) = nom 0x (k Per(logF), O x ), 
defined locally by 7 p (u;i A • ■ ■ A u p )(5i A • • ■ A 5 P ) — det((o;j, 8j))i<i,j<p- 

1.2 V-filtration 

We define the V-filtration relative to Y on V x as in the smooth case (flOfl, 0): 

Vl(V x ) = {PeV x I P{V) c F-\W 3 ez}, ke z, 

where I p = O x when p is negative. Similarly, Vl(T>) = {P G V / P(P) C 
p~ k \jj g w ith k an integer, and I p = O when p > 0. In the case of I = (/), 
we note Vjf(P) = Vjf(P). 

Definition 1.2.1.— A logarithmic differential operator (or, simplify, a logarith- 
mic operator) is a differential operator of degree with respect to the V-filtration. 

We see that: 

Per(logF) = Ver c (O x ) n V^(V X ) = Qr\. (V^(V X )) , 

F\VZ(V X )) = O x ©Der(logF), 
where the last expression is consequence of F 1 ('Dx) = Cjf © ^erc(Cx)- 
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Remark 1.2.2- The inclusion Ver (log Y) C Qi F . (V y (X> x )J gives rise to a 
canonical graded morphism of graded algebras: 

«: Sym 0jf (Der(logF)) — > fc. (v[(D x )) . 

Similarly, we have a canonical graded morphism of graded (9-algebras: 
k x : Synt^ (Der(log J)) — ► Grp. (Vo(P)J , which is the stalk of k at x. 



2 Logarithmic operators relative to a free divi- 
sor 



2.1 The Structure Theorem 

We denote by { , } the Poisson bracket defined in the graded ring Grp.(D) (cf. 



0. §). Given two polynomials F, G in Gr F .(Z>) = £>[£i, ■ • • , 



Proposition 2.1.1.— Let / be free. Consider a minimal system of generators 
{6%, 62, ■ ■ ■ , 5 n } of Der(log /). Let Ro be a polynomial in Grp.(T>), homogeneous 
of order d, and such that there exist other polynomials Rk in Grp. (D), with 
k = 1, ■ ■ ■ ,d, homogeneous of order d — k such that: 

{R k J} = fR k+ i, (0<k<d) (1) 

(we will say that i? verifies the property ([[]) for R 2 , ■ ■ ■ , Ra). Then there exist 
polynomials Hj in Grp. (X>), homogeneous of order d — k — 1, with j = 1, • • ■ , n 
and k — 1, • • • , d — 1, such that: 

a) R k = Y%=iHj(j(6j), where cr(5j) denotes the principal symbol of Sj. 

b) {#*, /} = fHf +1 (1 < j < n, < k < d - 1). This is the same as saying: 
if* verifies the property <g) for • • • , Hf' 1 . 

Proof: Let A = (a?) be the square matrix whose rows are the coefficients of 

JL JL . . . 9 



the basis {5%, 62, ■ ■ ■ , S n } of Der(log /) with respect to the basis '' 



of Ver c (O x ): 

n ■ 8 

^ = E<% = ^-^ 

with j = 1, • • • , n, where we write d instead of (jj^, • • • , gf - )- We consider the 
ring 2n = C{xi, • • • , X2, £1, • • • , £ n }- Thanks to the Saito's Criterion, we know 
that the set 

Oil 



is a basis of the 02n-module Dero 2ri (log /). So, as we have, for k = 1, • ■ ■ , d, 

n 

(f)3{R k J} = J2(R*hf^ 



1=1 



where f x . represents and (Rk)^ represents Qj^, then there exist homogeneous 
polynomials G k in Grp. (£>), of degree d — k — 1, or null, with j = 1, • • • , n and 
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k = 1, • • • , d — 1, such that 



Using the Euler relation R k = \ YJi=i(Rk)z£u and as a (5 A = a 1 • £*, we obtain 

inn i n 

i=i j=i j=i 

By Saito's Criterion, the determinant of the matrix A is equal to uf, with u E O 
invertible. Let B = (by) = Adi(A) 1 . We have: 

(^fc)&> ■ • ) (-Rfc)^) = (^1)^2) • • -J^n) ^> 
((-Rfe)^i, (Rk)h, • " " ) (Rk)^ n ) B = g (G\, C?2; ""iG 



so 

"ffc 
r n 

Now: 



/} = {pG* f} = ± fj-^l = ± f Xi t 

i=l ^ 2=1 1=1 



d R k ^ fSTU d R k+l fSTl CD \ 

2=1 i=l °'?l '« 2=1 ^6 2=1 "Si i=i 



n n 



f E 6« E G k p +1 a\ = f E E &«°f = 

2=1 p=l p=l 1=1 

Therefore, 

{Gj,/} = /Gj+i, 

with k = 0, • • • , d — 2 and j = 0, ■ ■ ■ ,n. We conclude by setting Hj = ^G k , for 
j = 1, ■ ■ • , n and k — 0, • • • , d — 1. □ 



Proposition 2.1.2.— Let be {5i,#2,- --,5n} a basis of Der(log /). If a poly- 
nomial Rq of Gr^. (X?) is homogeneous and verifies the property (ED) of the last 
proposition, we can find a differential operator Q in 0[Si, 82, ■ ■ ■ , 6 n ] such that R 
is the symbol of Q. 



5 



Proof: We will do the proof by induction on the order of Rq. If Ro G O, it is 
obvious. We suppose that the result holds if the order of R is less than d. Now 
let Rq of order d verifying (|l|). By the last proposition there exist n homogeneous 
polynomials H® of order d — 1 such that: 

n 

P = E HfaSj), H° verifies © (j = 1, . . . , n). 

i=i 

By induction hypothesis, there exist Qj G 0[5\, 82, ■ ■ ■ , 8 n ) such that H® = cr(Qj). 
So 

8=1 i=l j=l 

and Q = E?=i Qi* e C?[5i, 5 2 , • • • , 8 n \. □ 

Remark 2.1.3.— Really, the previous argument proves that if Rq verifies (|I|), 
then R is a polynomial in 0[a(5i), ■ ■ • , cr(8 n )]. 

Theorem 2.1.4.— If / is free and {8%, 82, ■ ■ ■ , S n } is a basis of the O- module 
Der(log /), each logarithmic operator P can be written in a unique way as a 
polynomial 

In other words, the ring of logarithmic operators is the O-subalgebra of T> gen- 
erated by logarithmic derivations: 

V 7 (X?) = 0[8 X , 8 2 , ■ ■ ■ , 8 n ] = G[Der(log /)]. 

Proof: The inclusion 0[S U 8 2 , • ■ • , S n ] C V 7 (£>) is clear. We will prove the 
other inclusion by induction on the order of Pq G Vq(T>). If the order of Pq is 
zero, then it is a holomorphic function and the result is obvious. We suppose the 
result is true for every logarithmic operator Q whose order is strictly less than d. 
Let Pq be a logarithmic operator of order d. We know that: 

[Po,f] = fPi, 

with Pi G Vq(V). So, there exist several with k — 0, • • • , d, such that [P&, /] = 
fPk+i- If we set Pfc = cr(Pfc), in the case that P& has order d — k, and Rk = 
otherwise, we obtain: 

{R k ,f} = {(Td-k(Pk), /} = O-d-fc-lQPfc,/]) = /<Td_jfc_i(Pfc+i) = /Pfe+l- 

By the previous proposition, there exists Q m 0[8i, 82, • ■ ■ , 8 n ] of order d and such 
that er(Po) = cr(Q). As the order of Po — Q G Vq(T>) is strictly less than d, we 
apply the induction hypothesis to P — Q an d obtain 

p = PQ-Q + gGO[5i,5 2 ,---,5 n ], 
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as we wanted. 

On the other hand, using the structure of Lie algebra it is clear that we can write 
a logarithmic operator as a O-linear combination of the monomials {SI 1 , ■ • • , 
The uniqueness of this expression follows from the fact that these monomials are 
linearly independent over O. 

□ 



Remark 2.1.5.— As a immediate consequence of the theorem (see the previous 
remark), we obtain an isomorphism: 

Gr F . {y I {V))^O[a{8 l ),---,a{8 n )\. 

Corollary 2.1.6.— If Y is free at x, the morphism k x from the symmetric 
algebra Sym C) (Der(log /)) to Grp. (Vq(V)^J (see remark |1.2.2| ) is an isomorphism 



of graded O-algebras. As a consequence, if Y is a free divisor, the canonical 
morphism 

K : <Sym 0x (Per(log Y)) - Qr F . (V^(V X ] 
is an isomorphism. 

Proof: Let x be in X and / £ O a local reduced equation of Y at a 
neighbourhood of x. Let {8%, • • • , S n } be a basis of Der(log /). 

Der(log /) = = ©? =1 CM*i)- 

The symmetric algebra of the O-module Der(log /) is isomorphic to a polynomial 
ring: 

Sym (Der(log /)) S 0[a{5 x ), ■ • • , a(5 n )). 
We also have the inclusion: 

QUOvft) = & f- (vi(pj) c Gr F . (yi{v)) , 

where <j{5j) is the image of 5i by the morphism k x . Therefore we conclude that 
the morphism k x = a -1 (3 is an isomorphism (see remark |2.1.5| ). On the other 



hand, the inclusion 

Der(logF) = Qr\, (V^(V X )) C Qx F . (V^(V X ] 

gives rise to a canonical graded morphism of graded (9x-algebras (see remark 
1.2. 2D : k : Sym 0x (Per(logF)) — >■ Qv F . fV^(Px)) , whose stalk at each point 



x of Y is the canonical graded isomorphism k x . So, k is also an isomorphism. □ 

Corollary 2.1.7.— Vq(T>x) is a coherent sheaf of rings. 

Proof: By theorem 9.16 of [l[] (p. 83), we have only to prove that Gr F . (V y (£> x 
is coherent, but this sheaf is locally isomorphic to the polynomial ring Ox[T\, ■ • • , T n ], 
which is coherent (0, lemma 3.2, VI, pg. 205]). □ 
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2.2 Equivalence between (9x-modules with a logarithmic 
connection and left Vq (Dx)-niodules. 

Definition 2.2.1.— (cf. 0) Let M. be a Ox-module. A connection on .M, 
with logarithmic poles along Y, (or logarithmic connection on A4), is a C- 
homomorphism V, 

V: M -> ^(logF)®7W, 

that verifies Leibniz's identity: V(hm) = dh-m + h-'V(m), where (i is the exterior 
derivative over O x . We will note Q q x (\og Y){M) = fi x (log Y)<g>M. 

If 5 is a logarithmic derivation along Y, it defines a C-morphism: 

Per (log y) — ► £nd c (M), 
5 (-»• V 5 

where V^m) = (<5, V(m)) 

Remark 2.2.2.— A logarithmic connection V on M. gives rise to a morphism 
of (9x- m odules 

V: £>er(lo g y) -> Hom^M A4) 

which verifies Leibniz's condition: V^(/m) = ■ m + f ■ V' 5 (m). 
Conversely, given V' verifying this condition, we define 

W-.M^il^og Y)(M), 

with V(m) the element of ^x( lo S ^O(-M) = Ti.om 0x (Ver(\ogY), M) such that: 

V(m)(5) = V' 6 (m). 

Definition 2.2.3.— A logarithmic connection V is integrable if, for each pair S 
and 5' of logarithmic derivations, it verifies: 

V[6,s>] = [V 5 ,Vi/], 

where [ , ] represents the Lie bracket in Der(logy) and the commutator in 
Hom c (M,M). 

Given a logarithmic connection V and the exterior derivative d, we can con- 
struct a morphism: 

V 9 : fi x (log Y){M) - ^ +1 (log Y){M), 
for each q — 1, • • • ,n. If and m are sections of the sheaves f2 x (log y) and A4: 
V ? (u; <g> m) = did <g> m + {-l) q uo A V(m). 
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The integrability condition is equivalent to V 9 o V 9 1 = 0, for every q (cf. 

Definition 2.2.4.— Let M. be a Ox-module, and V an integrable logarithmic 
connection along F on M. With the above notation, we call the logarithmic de 
Rham complex of M., and we denote by Q' x (\og Y)(M), the complex (of sheaves 
of C- vector spaces) : 

_> M Z Q x (log Y){M) ^ ■ • ■ v ^ 1 n^(l g Y){M) ^ 

^ +1 (io g y)(m) v - ■ • ■ fi£(log - 0. 

In the particular case where the (9x-niodule M. is equal to Ox and the logarith- 
mic connection V is equal to the exterior derivative d : Ox — ► f^(log the 
morphisms 

v 9 :^(io g y) — n^tog f), 

define the logarithmic de Rham complex of Saito. 

We consider the rings R Q = O x C i?i and = V^(Px) = Ufc>o -Rfc (1 6 C 
R), with _R fc = F fc (V(f (T>x))- The ring Qr{R) is commutative and verifies 

(1) The canonical morphism a : SymR^Qr 1 ^)) — > Qr(R), defined by a(si (g> 
■ • ■ ® s t ) — Si ■ ■ ■ s t , is an isomorphism (see Corollary 2.1.6). 
With these conditions, Ri is an (Rq, i? )-bimodule, and a Lie algebra ([x,y] = 
xy — yx G R\, because Qr{R) is conmutative). Moreover, Rq is a sub-(i?o, Ro)~ 
bimodule of Ri such that the two induced structures of _Rcr m odule over the 
quotient R\/Rq are the same. 

Let Tr (.Ri) = R Q @R 1 @{Rx®R a R\)@- • • be the tensor algebra of the (Rq, R )- 
bimodule R\, and let ip : T^ (i? 1 ) — ► R be the canonical morphism defined by the 
inclusion Ri C -R. We prove a reciprocal theorem of one Poincare-Birkhoff-Witt 
theorem |I3| , theorem 3.1,p.l98] . 

Proposition 2.2.5.— The morphism if) induces an isomorphism: 

(f) : S = Tr ° S i2, 0((i(a?i) ® • • • ® %{x t )) + J) = x x x 2 ■ ■ ■ x t , 

where i the inclusion of R\ in the tensor algebra, and J is the two sided ideal 
generated by the elements: 

a) a — i(a), a e Rq C Ri, b) i(x) ® i(y) — i(y) <8> i(x) — i([x, y]), x,y <E R\. 

Proof: First, we check that the morphism : S — > R is well defined: 

if) (a — i{a)) = a — a = 0, o£ Rq, 
if){i(x) ® i(y) - i(y) <g> i(x) - i([x, y])) = xy - yx - [x, y] = 0, x, y G R%. 
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The algebra T Ro (R 1 ) is graded, so it is filtered, and induces a filtration on the 
quotient. The induced morphism : S — > R is filtered: 

tp(a) = a e Ro, ip(i(xi) <g> ■ ■ ■ <g> i(x t )) = x\x 2 ■ ■ ■ x t G Rt- 

So, we can define a graded morphism of i?o-rings. 

7r:Sr(S)^£r(i?), 

7r(<7 t (i(zi) ® • • • <g) i(x t ) + J)) = fjj(xi • • -x t ) = xT- • -X7, 

where Xj G X7 = <j[{xi) is the class of Xj in Ri/R Q , cr t (P) is the class of 
P G S in £r*(S), and ct^(Q) the class oi Q e R t in <?r*(.R). Note that (?r(S) is 
conmutative: it is generated by the elements o"o(a + J), ai(i(x) + J), with a G -Ro, 
x G and 

[i(x) + J, i(y) + J] — i([x, y]) + J, 
[a + J, i(x) + J] = i(ax — xa) + J = b + J, b = ax — xa G Ro- 

On the other hand, the image of Ro C R± in S is exactly the part of degree 
zero of S, and then we obtain a morphism of -Ro-modules from Qr 1 (R) = R\/Ro 
to Qr l {S) which induces a morphism of -Ro-algebras: 

P ■ Sym Ro -> £r (S) , 

p(xT <g> • • • <g> xt) — <Jt{i{xi) <8> •••<%> i{x t ) + J), 

which is obviously surjective. The composition up is equal to a, and, by property 
(1) of R, we deduce that p is injective. As p and irp are isomorphisms, n is as 
well, as we wanted to prove. □ 

Corollary 2.2.6.- Let Y be a free divisor. Let M. be a Ox-module. An 
integrable logarithmic connection on M. gives rise to a left V ( f('Dx)-structure on 
.M, and vice versa. 

Proof: A (9x-module Ai with an integrable logarithmic connection V has a 
natural structure of left Vq (T>x)-modu\e defined by its structure as Ox-modu\e. 
Let p be the morphism of (Ox, 0x)-bimodules: 

p : Ri = O x ©Per(logF) -> £nd c (.M), p(a)(m) = am, p(5)(m) = V a (m). 

/x induces a morphism z/ : Tr (.Ri) — > £ndc(.M), and, as z/(J) = 0, we have a 
morphism 

which defines an structure of V K ('Dx)-rnodule on M.. 
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On the other hand, a left Vq(T> x ) -module structure on M. defines an inte- 
grate logarithmic connection V on the Ox-module M: 

V : £>er(lo g y) -> £nd c (.M), V 5 {m) = 5 ■ m. 

□ 

Remark 2.2.7.— A left V^(r>x)- m odule structure on Ai defines a logarithmic 
de Rham complex. In local coordinates (U; x±, • • • , x n ), with {S±, • • • , S n } a local 
basis of £>er(logF) and {ui, • • • , u n } its dual basis, the differential of the complex 
is defined by: 

n 

V p (U)(u ®m) = duj®m + Y^ (i^i A u;) <g) <5j • m) , 

i=i 

for any sections u> G Q x (logY) and m G A4. In the particular case of the left 
Vq(V x ) -module Ox, defined as Vq (£>x)- m odule in a natural way (P ■ g — P(g), 
with g a holomorphic function and P a logarithmic operator), this canonical 
structure of Ox as left Vq(T>x) -module is obviously equivalent to the integrable 
logarithmic connection over Ox defined naturally by the exterior derivative (V = 
d): 

Vs(g) = (5,dg)=S(g). 



3 The Logarithmic de Rham Complex 

In this section, Y will be a free divisor. 

3.1 The Logarithmic Spencer Complex 

Definition 3.1.1.- We call the logarithmic Spencer complex, and denote by 
Sp' (log Y), the complex: 

- V^{V x )®o x A Per(logF) £ -=? • • • 

• • • ^ 2 V^{V x )®o x A Per(logF) U V^(V X ), 

where 

p 

e_ p (P ® (5i A • • • A = J^-l)*" 1 ^ (g) (S ± A • • • A ^ A • • • A S p ) + 

i=i 

^ (_l)*+ip ([^ «y A s ± A • • • A Si A • • • A Sj A • • • A S p ), (2<p<n). 

l<i<j<p 
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e_ x (P® 5) = PS. 

We can augment this complex of left Vq (T>x)-modules by another morphism: 

so : V y (Dx) - O x , e (P)=P(l). 

We call the new complex <Sp*(log Y). 

This definition is essentially the same as the definition of the usual Spencer 
complex Sp* of Ox (cf. fllli 2.1]) and generalizes the definition given by Esnault 
and Viehweg [0, App. A] in the case of a normal crossing divisor. We denote by 
Sp° l*Y} = T>x [*Y] ®v x Sp* the meromorphic Spencer complex of Ox [*Y] . 

Theorem 3.1.2.— The complex Sp*(logY) is a locally free resolution of Ox as 
left V y (£> x )-module. 

Proof: To see the exactness of Sp' (log Y) we define a discrete filtration G* 
such that it induces an exact graded complex (cf. [I], lemma 3.16]): 

G k (y^(Vx)® A Der(logF)) = F k ~ p (V^(V X )) ® A Per(logF), 

G k (O x ) = O x . 

We have 

Qi G . (v^(V x )® A Per(logF)) = Gr F . (V y (X?x)) [-p]<8> A Der(logF), 

gr G .(o x ) = o x . 

As the above filtrations are compatible with the differential of the complex 
Sp'(\ogY), we can consider the complex Qr G » (Sp*(\ogY)j : 

- Qi F . iV^iVx)) [-n]®o x A Vei(\ogY) ■■ ■ 

U g lF . (V y (Px)) [~l]®o x A Per(logy) U Gr F . (V y (Px)) ^Ox^O, 

where the local expression of the differential is defined by: 

p _ 
V>- P (G(g)5 il A---A5 jp ) =^(-l)^ 1 Ga(5 j J®5 il A---A^A---A5 jp , (2 < p < n). 

i=l 

^ 1 {G®8 i )=Ga{S i ) 1 MG) = Go, 

with • • • , 5 n } a (local) basis of r>er(log Y). This complex is the Koszul com- 
plex of the ring 

Qi F . iy^iVx)) = Sym 0x (Per(logY)) 
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with respect to the Qtf- (Vq'(Px) J -regular sequence cr(6i), • • • , cr(5 n ) in the ring 
Qtf- (yoi'Dx))- Consequently, it is exact. □ 

Lemma 3.1.3.— For every logarithmic operator P G Vq(T>), there exist, for 
each integer p, a logarithmic operator Q G Vq(T>) and an integer k such that 
f-pp = Qf-K 

Proof: We will prove the lemma by induction on the order of the logarithmic 
operator. If P has order 0, it is in O, and it is clear that f~ p P = Pf~ p - Let P 
be of order d, and consider the logarithmic operator [P, f p ], of order d — 1. By 
induction hypothesis, there exists an integer m such that: 

[P,r p ]f m evSp). 

Let k be the greatest of the integers m and p. It is clear that: 
f -pp f k = p f k- P _ [p> f - P]f k e v / (p) 

This proves the result: Q = Pf k - p - [P, f- p ]f k . □ 



Remark 3.1.4.— For every operator Q in Dx[*y] x , we can always find a strictly 
positive integer m such that f m Q G Vq(T>). Equivalently, for each meromorphic 
differential operator Q, there exists a positive integer p and a logarithmic operator 
Q' such that we can write: 

Q = f- p Q'. 

Now we introduce several morphisms that we will use later. 
Lemma 3.1.5.— We have the following isomorphisms: 

1. O x [kY) ®o x V^{V X ) ^ V X [*Y] A V%(V X ) ®o x O x [*Y}. 

2. a : V X [*Y\ ® v v(v x) O x = G X [*Y], a(P ® g) = P(g). 

3. p : ®v ( f(Dx) ^M**! - Vx[*Y], p{P <g> Q) = PQ. 



Proof: 

1. The inclusions V^(X>x), Oxf*^] c ^xl*^] give rise to the previous iso- 
morphisms of (V,f -modules. Locally: 

af~ k ®P = af~ k P = aQ® f~ p , 

with P and Q logarithmic operators such that f~ k P = Qf~ p - We have seen how 



to obtain Q from P (lemma |3.1.3|) , and we can obtain P from Q in the same way. 



On the other hand, we saw in the previous remark how to express a meromorphic 
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differential operator as a product of a meromorphic function and a logarithmic 
operator. 

2. We have to compose the following isomorphisms of left Px[*^]-modules: 

O x [*Y] ®o x VZ(V X ) ® v v (Vx) Ox = O x [*Y\ ® 0x O x O x [*Y\. 

3. We obtain this isomorphism of Px[*^]-bimodules from the composition of 
the following isomorphisms: 

O x [*Y] ®o x VoiPx) ® V y(p x ) T>x[*Y] = O x [*Y\ ® 0x V X [*Y\ = 

Ox[*Y\ ® 0x O x [*Y] ® 0x V£(V X ) O x [*Y] ® Qx V^(V X ) = V X [*Y], 

where the isomorphism ®o x O x \kY] = O x [kY} sends (locally) the tensor 

product gi ® Q2 to the meromorphic function g\g2- n 

Proposition 3.1.6.— We have the following isomorphisms of complexes of 
T>x [*Y] -modules: 

(a) V X [*Y) ® VI{Vx ) SP' = Sp'[*Y\. 

(b) V X {*Y] ® v y ipx) <Sp'(lo g r) - Sp'[*Y\. 

Proof: (a) As Sp' is a subcomplex of Px-modules of Sp' [*Y] , and T>x \*Y] 
is flat over Vq(V x ), the complex D X [*Y] ®v^(v x ) "f^0Sp' is a subcomplex of 
X>x[*^] ®vX(v x ) Sp°[*Y], (see lemma |3.1.5| , 1.). But, by the third isomorphism 
of lemma |3 1 5| , this complex is the same as 5p , [*Y']. Hence, we have an injective 
morphism of complexes: 

V X \*Y] ® v y {Vx) Sp' — Sp'[*Y], 

defined locally in each degree by: P ® Q ® Si A • • • A 5 P i— > PQ ® (5j A • • • A 5 P ). 
This morphism is clearly surjective and, consequently, an isomorphism, 
(b) We consider Vq{V x ) 

SIS db subsheaf of O- modules of V x . Using the fact 

p 

that A Per(logy) is O x -free, we have an inclusion 

V%{V x )®o x A Per(logF) V x ® Qx A Per(logF). 

On the other hand, as Y is free, we have a natural injective morphism from 

A Der(logF) to A Vei c (O x ) (cf. AIII 88, Cor.]). As V x is flat over O x , we 
have other inclusion: 

V x ® 0x A Per(logF) V x ® Qx A Vei c (O x ) (p > 0). 
Composing both of them, we obtain a new inclusion: 

V^{V x )® 0x APer(logF) V x ® 0x A Ver c (O x ), 
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for p = 0, • • • , n. These inclusions give rise to an injective morphism of complexes 
of Vq ("Dx)- m odules 

Sp'QogY) ^ Sp'. 

As T>x is Sat over V^(Px) (see lemma |3.1.5| , 1.) we have an injective mor- 
phism of complexes of T>x [*F]-modules: 

9' :Vx[*Y}® v y {Vx) Sp'(logY) — T> X [*Y] ® v r<p x) Sp', 

defined by: 9' (P <g> Q <g> (5 X A • • • A 5 P )) = P ® Q <g> (<J X A • • • A <f p ). This morphism 
is surjective, given P local section of Q in V and 5i, • • • , S n in Der^O), 

we have: 

P <£) Q <£) (5i A • • • A 5 P ) = 9' ((Pf- k ) ®Q'® (fSt A ■ ■ ■ A fS p )) , 

with k > and Q' a local section of V y (Px) verifying f k Q = Q'f p (see lemma 
3.1.3| ). Composing 9' with the isomorphism of (a), we obtain the isomorphism: 



9 : V X [*Y] ®v^v x) Sp'{\ogY) ^ Sp'[*Y), 
with local expression: 9{P <g> Q ® {5 X A ■ ■ ■ A 5 P )) = PQ ® (5i A • • • A S p ). □ 



3.2 The Logarithmic de Rham Complex 

For each divisor Y, we have a standard canonical isomorphism: 

Hom 0x (a Vei(\ogY),O x ^ ^ Kom v r (J , x) (v o y (P x )®o x A Per(logF), O x ) , 

defined by: A p (a)(P ® 5 X A ■ ■ ■ A 8 p ) = P (a(5i A • • • A 6 P )) . 

Composing this isomorphism with the isomorphism 7 P defined in section |1.1| , 
we can construct a natural morphism ip p = \ p o ^ p ; 

tt p x (\og Y) S ^om v y (1);f) (v o y (Px)® A Per(logF), X ) , 

for p = 0, • • • , n. Locally: 

tp p (uj 1 A ■ ■ ■ A u p )(P ® 6t A ■ ■ ■ A S p ) = P (det((wi, 5j))i<i,j< P ) ■ 

with uji (i = 1, ■ • • ,n) local sections of fi x (log Y) and P a logarithmic operator. 

Similarly, if M. is a left V^X^-module, given an integer p G {l,---,n}, 
there exist the following canonical isomorphisms: 

Y M : Sl p x (\og Y) ® 0x M A Home, (a Per(logF), M x ) , 
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X P M : Hom 0x (a Vei(\ogY),M) A Hom v r (v o y (£> x )®o x A Per(logr), Mj , 

^ = o^ M : ^(log A Wom v y (%) (v o y (Px)® A Per (log F), . 

Locally: 

^(^1 A • • • Au p <g> m)(P (8) 81 A • • • A S p ) = P ■ det((a>i, Sj))i<ij< p • m. 

Theorem 3.2.1.— If .M is a left V^(Pjs:)- m odule (or, equivalently, is a Ox- 
module with an integrable logarithmic connection), the complexes of sheaves of 
C-vector spaces D, x (\ogY)(M.) and Hom V Y^ Vx ^ (Sp* (logY) , A4) are canonically 
isomorphic. 

Proof: The general case is solved if we prove the case Ai = Vq(T>x), using 
the isomorphisms: 

sr x QogY)(M) = n x (\ogY)(vZ(V x )) ® v r {Vx) M, 

nom V Y (T)x) (Sp'(logY),M) = nom v r (Vx) (Sp-(\ogY)X(V x )) ® v y (Vx) m. 
For M. = Vq(T>x), we obtain the right V^(Px ^isomorphisms 

<jf = r v r (Vx) : n x (logY)(VZ(V x )) - Hom v r {Vx) (Sp~ p (\ogY), Vq(V x )^J , 
whose local expression are: 

4> p ((wi A • • • A u p ) <8> Q) (P ® (5i A • • • A 5 V )) = P ■ det {(u h Sj)) ■ Q. 

To prove that these isomorphisms produce a isomorphism of complexes we have 
to check that they commute with the differential of the complex. Thanks to the 
isomorphism (b) of the proposition |3.1.6| , 

Vx[*Y] ® v v (Vx) Sp'{\ogY) ~ Sp'[*Y], 

we obtain a natural morphism of complexes of sheaves of right Vq(T>x) -modules: 

r- : Hom vr(Px) (Sp'QogY), V^(V X )) — Hom Vx[itY] (Sp' [*Y] , V x [*Y] ) , 

locally defined by: 

r p (a) (R <g> (5 X A • • • A <y ) = (P ® (/5a A • • • A 

(for any local sections a of T^omyy^^) (Sp* (log Y),Vq(T>x)), R of Dx[*Y] and 
Si, ■ • • , 5 P of Z>er(c(Ox))> where P is a local section of V^(Px) such that Rf~ p = 
f~ k P (see lemma |3.1.3| ). The morphisms r l are injective, because: 

a (P <g> A • • • A <5 P )) = r l (a) (P <g> A • • • A S p )) . 
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Let us see the following diagram commutes: 

tt x (\ogY)(VZ(V x )) -A W X [*Y}(D X [*Y}) 

[<t> p # I * p 

7iom v r {Vx) {SpP(\ogY)X{V x )) ^ Hom Vx[i<Y] (Si?[*Y},V x [*Y}) 
for each p > 0, where the $ p are the isomorphisms: 

$ p : W X [*Y] {V X [*Y\) — Wom^y] (l> x [*Y](8) A Per c (0 x ), P X [*F]) , 

$ p ((cj! A • • • Awj,) (8) Q) (P <g> (61 A • • • A 6 P )) = P ■ det ((^ • ^)i<i,j< P ) • Q. 

Given • • ■ ,u p local sections of f2^(log Y), Q and P local sections of Px[*Y] 
and 5i,---,6 p local sections of Uer£(O x ), we have 

(r p o P )((^ A • • • A u p ) <g> Q)[R <g> (8% ■ ■ ■ A 5 P )} = 

r k <t>p{{ui A • • • A u p ) <g> Q)[P ® (/ft A • • • A /<J p )] = 

/- fe P • detduifSj)) ■Q = R-f-P det((o; i /5 i )) -Q = R- det((u;^)) • Q = 

$ p o ((wi A • • • A u p ) <g> Q)[P <g> (<Ji A • • • A 5 P )], 

with P a local section of V%(V X ) such that Rf~P = f~ k P. 

But $*, j* and r* are morphisms of complexes, and r* is injective, hence we 
deduce that the <p p commute with the differential and so define a isomorphism of 
complexes: 

0* : ^(logF) (V y (X? x )) — Wam vrcDx) (^'(logF), V y (P x )) , 
as we wanted to prove. 

□ 



Corollary 3.2.2.— There exists a canonical isomorphism in the derived category: 
Qr x {\ogY){M) = RWom v y (2Jjr) (0*, M) ■ 



Proof: By theorem |3.1.2| , the complex Sp' ilogY) is a locally free resolution 
of O x as left Vq (Px)-rnodule. So, we have only to apply the theorem |3.2.1 



□ 



Remark 3.2.3.— In the specific case that M. = O x , we have that the complexes 
Q x (\ogY) and TCom V Y(p x ^ (S p* (log Y),O x ) are canonically isomorphic and so, 
there exists a canonical isomorphism: 

Q' x (\ogY) = RHom v r {Vx) (O x , O x ) . 
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Remark 3.2.4.— A classical problem is the comparison between the logarithmic 
de Rham complex and the meromorphic de Rham complex relative to a divisor 
Y, 

n* x [*Y] = RHom Vx (O x , O x [*Y]) = RHom V Y (Vx) (O x , O x [*Y]) . 

If Y is a normal crossing divisor, an easy calculation shows that they are quasi- 
isomorph (cf. ||). The same result is true if Y is a strongly weighted homoge- 
neous free divisor ||. As a consequence of theorem |2.1.4| , if Y is an arbitrary 



free divisor, the meromorphic de Rham complex and the logarithmic de Rham 
complex are quasi-isomorphic if and only if: 

= RHom Vx (v x ®^ {Vx) Ox, (= KHom v r {Vx) (o x , ^^)) ■ 



4 Perversity of the logarithmic complex 

Now we consider the complex T>x ®v Y (v x ) Sp'ilogY): 

-> V x ®o x A Per (log Y) E ^ ^ V x ®o x A Per(logF) ^ V x , 

where the local expressions of the morphisms are defined by: 

e_ p (P ® {5t A • • • A <y ) = £(-1)*-^ Cg) (#i A • • • A $ A • • • A 6 P ) + 

i=i 

J2 (-l) i+j P®([5 i ,8 j }A5 1 A---A5 i A---A5 j A---A5 p ), (2<p<n). 

l<i<j<p 

£ _ 1 (P® 5) = P5. 

In the case that Y is a free divisor, we can work at each point x of Y with a basis 
{Si, ■ ■ ■ , 5 n } of Der(log /), with / a local reduced equation of Y at x. 

Proposition 4.0. 5.— If {8\, ■ ■ ■ , 5 n } is a basis of Der(log /), and the sequence 
{a(Si), ■ ■ • , a(5 n )} is Grp* (P)-regular, it verifies 

a {V{8 1 , 5 n )) = Gr F . (V)(a(5 l ), a(5 n )). 

Proof: The inclusion Grp. (D)(cx(5i), • • • , cr(5 n )) C er (V(5\, ■ ■ ■ , S n )) is clair. 
Let F be the symbol of an operator P of order d, with 

i=l 
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We will prove by induction that F = cr(P) belongs to Grp.(2))(cri, • • • , a n ), with 
<7j = a (Si). We will do the induction on the maximum order of the Pi (i = 
1, • • • ,n), order that we will denote by ko- As P has order d, ko is greater or 
equal to d — 1. If ko — d — 1, we have: 

°(P) = E <r(Pi)<n> 

with X the set of subindexes j such that Pj has order fco in T>. We suppose that 
the result holds when d — 1 < k < m. Let F = cr(P), with P = J2?=i P^i an d 
ko = m. There are two possibilities: 

1. F — cr(P) = J2i£K cr (Pi) cr i ^ Grp. (D) (oi , • • • , cr n ), as we wanted to prove. 

2. E^<P*)^ = o. 

In this last case, as {a±, ■ ■ ■ , <r n } is a Grp. ('D)-regular sequence, if we call Fi the 
symbol <r(Pi) in the case that % G K and otherwise, we have: 

(F 1 ,...,F n )=E^(°.---.°.4o>---,0,-^ i ,0,...,0), 

with G Gr^.(X>) homogeneous polynomials of order m — 1. We choose, for 
1 < * < j < operators Qij, of order m — 1 in V, such that <r(Qij) = F^, and 
define: 

(Qi, •••,<?„) = (Pi,---,P n )-E^ ^(0, 0,^,0, •••,0,-^,0,---,0)-a^ , 
where a^- are the vectors with n coordinates in O defined by the relations: 

n 

[ S i, 6 j] = E a ij S k = ®ij # £, 
k=l 

with 5 — (Si, • ■ • , S n ). These Qi, of order m in V, verify 

(<7 m (Ql), ■ • ■ , <7m(Qn)) = 

(Fi, - •• , F n ) — ^2 Fij(0, • • • , 0, <7^, 0, • • • , 0, —Oi, 0, • • • , 0) = 0. 

i<j 

So, Qi has order to — 1 in V. Moreover, 

n n n 

QA = E pa - E Qa (Wj - 5 A - ft, <y ) = E = p - 

j=l i=l i<j i=l 
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We apply the induction hypothesis to F = cr(P), with P = Yh=i Q&, and obtain: 

cr{P) G Gr F .(U)(a 1 , ■ ■ ■ , a n ). 

□ 

Proposition 4.0. 6.— Let {8^, ■ • • , 5 n } be a basis of Der(log /). If the sequence 
cr(S%), • • • , cr(5 n ) is a Grp. (D)-regular sequence in Gr^.(P), the complex 

Sp' (log f) is a resolution of the quotient module v ^__ s * ■ 

Proof: We consider the complex V® v f^ Sp* (log f). We can augment this 
complex of D-modules by another morphism: 

£q:I? ^ 7Va V a v e {P) = P + V{8 1 ,---,5 n ). 
V[6i, ■■■,o n ) 

We denote by V ® v f, v , Sp' (log /) the new complex. To prove that this new 
complex is exact, we define a discrete filtration G* such that the graded complex 
be exact (cf. |], lemma 3.16]): 

G k (v ® A Der(log /)) = F k ~ p (V) ® Q A Der(log /), 

Q k ( V ) = F k (V) + V-(5 l r--^n) 
\V(5 1 ,---,5 n )) V(5 u ---,8 n ) 

Clairly the filtration is compatible with the differential of the complex. Moreover: 

Gr G . (v (g)A Der(log f) \ = Gv F .(V)[-p\® A Der(log /), 

and, by the previous proposition, 

V \ Gr F .(V) Gr F .(V) 



Gr G . 



V(S U ■■■,5 n )J a(V- (5 U • • • A)) Gi F . (V) ■ (a(5 1 ), ■ • ■ , a(5 n )) ' 
We consider the complex Gr^. (t> ® v f^ Sp' (log ffj : 

-> Gi F .(V)\-n]® A Der(log /) ^ ■■■ ^ Gi F .(V)[-l}® A Der(log /) 

U Gr F .(V) % GiMv) G ^.^ a{6n)) - 0, 

where the local expression of the differential is defined by: 

p 

i)„ p {G®8 h A- • -A<y = '^2,{—l) i ~ l Ga(8j i )®8j 1 A • • -A^ A- • -A^, (2 < p < n), 

i=l 
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ip-i{G <g> Si) = Ga(Si), 

MG) = G + Gr F . {V) • ((7(5!), ■ • • , a(S n )). 

This complex is the Koszul complex of the ring Grp.(P) with respect to the 
sequence cr(Si), • - - , cx(5 n ). So we deduce that, if the sequence a{Si), ■ ■ ■ , a{S n ) is 
Grp. (X>)-regular in Grp. {V), the complex 

Gr G . (P (Sv/^VOog/) 

is exact. So, the complex D® v / ( . :D - ) iSp , (log /) is exact too, and V® v f ^Sp* (log /) 
is a resolution of ri/x v x . □ 

Corollary 4.0. 7.— Let Y be a free divisor. With the conditions of the previous 
proposition (for each point x of Y, there exists a basis {Si, ■ ■ ■ , <5 n } of Der(log /) 
such that the sequence (t{Si), ■ ■ • , a{S n ) is a Grp. (D)-regular sequence), the sheaf 
Q* x (log K ) is a perverse sheaf. 

Proof: With the same conditions of the previous proposition, the homol- 
ogy of the complex V x ®v^{v x ) Sp'{\og Y) is concentrated in degree 0. All its 
homology groups are zero except the group in degree 0, which verifies: 

h° (V X ® v r {Vx) Sp'ilog Y)) = £ X = Vx = S, 

v oV ; J V x -Vei{\ogY) V x -{Si,---,5 n ) 

where {Si, ■ ■ ■ , S n } is a local basis of Per(log Y). But £ is a holonomic P^-module 
because: 

F{ ' (a(S 1 ),---,a(S n )) 

has dimension n (using the fact that a {Si), ■ ■ ■ ,cr{S n ) is a Qr F * (Dx)-regular se- 
quence). So (using remark |3.2.3| for the first equality and teorema [3.1.2| for the 



last equality)): 

Q x (log Y) = RHom Vx [V x ®\ (Vx) O x , O 



miom Vx {V x ® v j(v x ) Sp'{\og Y), O x ) = RHom Vx _ , O x 



Vx 
V x {Si, 

is a perverse sheaf (as solution of a holonomic X>x-module, cf. ||11||). 



□ 



Corollary 4.0. 8.— Let Y be any divisor in X, with dim^ X = 2. Then Q' x {log 
Y) is a perverse sheaf. 

Proof: We know that, if dim^X = 2, any divisor Y in X is free 



So, we have only to check that the other hypothesis of the previous corollary 
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holds. We consider the symbols {ai,<7 2 } of a basis {61,62} of Der(log /), where 
/ is a reduced equation of Y . We have to see that they form a Grp. (D)-regular 
sequence. If they do not, they have a common factor g G O, because they are 
symbols of operators of order 1. If g is a unit, we divide one of them by g and 
eliminate the common factor. If g is not a unit, it would be in contradiction with 
Saito's Criterion, because the determinant of the coefficients of the basis {6 1: 6 2 } 
would have as factor g 2 , with g not invertible, and this determinant has to be 
equal to / multiplied by a unit. □ 

Remark 4.0. 9.— The regularity of the sequence of the symbols of a basis of 
Der(log /) in Grp.(D) is not necessary for the perversity of the logarithmic de 
Rham complex. For example, if X = C 3 and Y = {/ = 0}, with / = xy(x + 
y) (y + tx) , / is a free divisor such that the graded complex 

Qr G .(V x ® v y {Vx) Sp'{\ogY)) = K(a(6 1 ),a(6 1 ),a(6 3 );gr F .(V x )) 

is not concentrated in degree 0, but the complex 

v x <g) Wx) «V(io g y) 

is. Moreover, in this case the dimension of x> x -(8*8 2 s 3 ) * s ^ anc ^ so ' ^xO°g^O i s a 
perverse sheaf. 
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